Main result: If the smallest eigenvalue of a graph H exceeds a xed number larger than the smallest root ( ?2:4812) of the polynomial x 3 + 2x 2 ? 2x ? 2, and if every vertex of H has su ciently large valency, then the smallest eigenvalue of H is at least ?1 ? p 2 and the structure of H is completely characterized through a new generalization of line graphs.
Introduction
The second author recalls with pleasure the time when (in 1980) he worked with Jaap Seidel in Eindhoven on eigenvalues of graphs. The elegant line graph theorem of Cameron 3.1. Example. Consider the Ho man graph formed from a line graph L(P) of a graph P by taking L(P) as the subgraph of slim vertices, and adding the vertices (but not the edges) of P as fat vertices, with each fat vertex adjacent to all slim vertices (i.e., edges of P) which emanate from the fat vertex (as a vertex in P). If we pick an orthonormal basis of unit vectors e indexed by the fat vertices, we get a representation of norm 2 by representing fat vertices by e and slim vertices given as edge in P by e + e . The next result can be interpreted intuitively as \pulling nite cliques out of the in nite cliques represented by fat vertices". 
Proposition. A graph is an H-quasiclique i its complement is a disjoint union of paths of length at most two, and a fat vertex (if any exists) is isolated in the complement.
Proof. The neighborhoods of the fat vertices in graphs from H are precisely the complements of paths of length at most two. We now de ne M := M 1 M 2 ; (3) where M 1 = fH i j i = 10; : : : ; 18g, and M 2 is the set of graphs such that each slim vertex has exactly one fat neighbor and the special graph is one of the graphs S i (i = 6; : : : ; 24). 
. Theorem 3.7 then shows that (iv) implies (i). Directly by Theorem 3.2, (i) implies (ii). Since all graphs in M have smallest eigenvalue < ?1 ? p 2, (ii) implies (iii) by Corollary 3.3. The di cult part is to show that (iii) implies (iv). Assume that H is a fat
graph not containing a subgraph isomorphic to some graph in M. We consider the blocking de ned by the fat blocks, and note that by assumption, every slim vertex has a fat neighbor. To show that H is an H-line graph we proceed in a number of steps.
Step 1. The complement of a block is a disjoint union of paths of length at most two. In particular, blocks are H-quasicliques. Indeed, paths of length 3, triangles, quadrangles, and 3-claws are forbidden in the complement since they give rise to subgraphs H 10 ; H 11 ; H 12 and H 13 , respectively. This leaves as connected components in the complement only paths of length at most 2. Each such component, together with the fat vertex in the block, de nes a subgraph of H 5 ; it is easy to see that with these subgraphs, the block becomes an H-line graph which is an H-quasiclique.
Step 2. Two fat vertices have at most one common neighbor. In particular, two slim vertices are related i they form a special pair. For two common neighbors are forbidden since they would produce a subgraph H 14 or H 15 .
Step 3. Any subgraph H 2 is a piece. For if not, the piece containing H 2 has a further related pair containing the slim vertex of H 2 , which would lead to subgraphs H 16 or H 17 , or has another fat neighbor, which would lead to H 18 .
Step 4. We now consider pieces with more than one slim vertex. By the previous steps, each slim vertex has exactly one fat neighbor. We look at the special graph of such a piece. By construction of M, the special graph has none of the special graphs S i (i = 6; : : : ; 24) as a subgraph.
Step 5. If the piece contains a special nonedge, a simple extension process pruned with the list of S i shows that the only possibilities are the special graphs S i (i = 1; : : : ; 4). Thus, the pieces must be isomorphic to one of the graphs H 3 , H 9 , H 5 , or H 6 .
Step 6. If the piece contains no special nonedge, its special edges form a connected graph S. If S is not a clique it contains a path of length 2. Extension of this path would lead to one of the S i (i = 6; : : : ; 24), hence the path of length 2 is already all of S, i.e., (S = S 5 ). This special graph is realized by two fat graphs, H 7 and H 8 . And if this S is a clique we can add to H a fat vertex adjacent to all points of this clique, and in this extended graph, the piece splits into pieces of the form H 2 . Thus, in either case, the pieces (of the extended graph) must be isomorphic to one of the graphs H 7 , H 8 , or H 2 .
Step 7. Thus, after possible extension by some fat vertices, H has only pieces in H. By Theorem 2.2, it is an H-line graph.
Slim graphs of large valency
In this section, we use Ramsey type arguments to extend the results of the previous section to nonfat graphs of su ciently large fatness, and in particular to ordinary (slim) graphs of su ciently large minimum valency.
5.1. Theorem. Let be a number larger than 1 ?2:4812, the smallest root of the polynomial x 3 + 2x 2 ? 2x ? 2. Then there exists a number k such that every Ho man graph H with fatness '(H) k whose smallest eigenvalue min is at least is an fH 2 ; H 5 ; H 7 ; H 9 g-line graph. In particular, min ?1 ? p 2. To prove this theorem, we construct a larger fat graph to which we can apply the results of the previous section. The delicate part consists in showing that this extended graph cannot contain subgraphs from M. This is enabled by two key observations due to Hoffman 5] . Ho man's rst observation is a Ramsey type argument which shows that each vertex is in at least one large clique. Recall that the Ramsey number R(a; b) is the smallest number v such that every graph with at least v vertices contains either an a-coclique or a b-clique. This number is always nite (see, e.g., Graham Proof. An s-claw has smallest eigenvalue ? p s; since 0 > ? p 7, H cannot contain a 7-claw. The neighborhood of a vertex of valency R(7; c) therefore cannot contain a 7-coclique, and by de nition of Ramsey numbers, the neighborhood contains a c-clique C. Now C f g is the required (c + 1)-clique.
This observation can be used to nd approximate fat Ho man subgraphs. The second observation of Ho man is an approximation result for fat vertices by large nite cliques.
5.3. Proposition. Let 
Proof of Theorem 5.1. Let H be a Ho man graph with fatness '(H) k whose smallest eigenvalue min is at least . By pulling out cliques (Proposition 3.5) for the vertices with a fat neighbor, we may assume without loss of generality that H has minimum valency at least k . By Proposition 5.2, every slim vertex is in a (c +1)-clique, and hence in a slim c -clique (since the fat vertices form a coclique, a clique contains at most one fat vertex). Since these cliques can be extended to maximal quasicliques (in the following short for fH 2 ; H 5 ; H 7 ; H 9 g-quasicliques), H becomes blocked by calling blocks the maximal quasicliques which contain a slim c -clique. Now let B be a block containing a slim c -clique C, and let be a vertex not in B. We claim that is adjacent to at most m := n + 5 vertices of C.
Indeed, since a block is a maximal quasiclique, B f g is not a quasiclique, hence contains the complement of a path of length 3, a triangle, a quadrangle or a 3-claw D. Since We now remove from C 0 the neighbors of in H 0 and the neighbors of the nonneighbors of in H 0 , a total of at most 3m + 1 vertices. Pick n of these vertices to form the clique C . Now we repeat the procedure with another fat vertex 0 of H 0 (if one exists) and a corresponding slim c -clique C 0 0 , but also remove all neighbors of vertices in C , a total of at most 3m + 1 + mn vertices, before picking an n -clique C 0 . We can do the analogous procedure for a third and fourth fat vertex 00 and 000 to construct n -cliques C 00 and C 000 such that none of its vertices has a neighbor in an earlier C (l) . (Since c ?(3m+1) = 4mn , there are always enough vertices left to choose.) Now the graph induced on the slim vertices of H 0 and the n -cliques C (one for each fat vertex of H 0 ) is contained in H. But it is a clique extension H n 0 , which is forbidden as a subgraph of H by Proposition 5.4, contradiction.
Therefore, H 0 contains no subgraph isomorphic to a graph H 0 2 M, and the theorem is proved. As a special case we nd the following neat result. (ii) A regular graph with smallest eigenvalue ?1 ? p 2 and su ciently large valency is a line graph or a cocktail party graph. Clearly, (ii) is a consequence of (i) and the present results; but it may hold even when (i) turns out to be false (e.g., if there are only nitely many counterexamples to (i)).
3. It might be possible to nd a complete list of minimal forbidden subgraphs for slim (or arbitrary) fH 2 ; H 5 ; H 7 ; H 9 g-line graphs. This would, however, probably be a much larger list than our list M in the fat case.
4. It seems feasible to classify all fat graphs with smallest eigenvalue ?3.
Indeed, root lattice techniques apply since it is not di cult to show that the image of such a graph H under a representation of norm 3 generates a root lattice (see 1] for de nitions and properties of root lattices). Since all root lattices are known, the structure of fat graphs with smallest eigenvalue ?3 appears limited and their determination tractable. 5. For graphs in which every edge has a large number of common neighbors, Ramsey theory shows that every edge is in a large clique. This is a much more restrictive condition which may be idealized by looking at Ho man graphs where any two adjacent slim vertices have a common fat neighbor. It might be possible to classify the corresponding graphs even for larger negative eigenvalues. The only strongly regular graphs surviving are line graphs and complete multipartite graphs; see 6]. For distance-regular (or only edge-regular) graphs, it is likely that the same holds, but nothing is known.
